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LB'dINAR BOUNDARY- LAYER TEEORY AND 
COliPARISOET V I T E  EXPXRIHZNT 
By A l b e r t  E. von Doenhoff 
The von X&rmdn-Killikan t h e o r y  o f  l a m i n a r  boundary 
l a y e r s  p r e s e n t e d  i n  Z.A.C.A. T e c h n i c a l  Repor t  Eo. 504 i s  
a p p l i e d  t o  t h e  l a m i n a r  boundary l a y e r  about a n  e l l i p t i c  
c y l i n d e r  on which boundary- layer  and  p r e s s u r e - d i s t r i b u t  i o n  
Eeasurement  s were made a t  t h e  Bat i o n a l  Bureau o f  S t a n d a r d s .  
A n  o u t l i n e  o f  t he  p r o c e d u r e  o f  t he  von Kdrndn-Mil l ikan  
method i s  g iven .  
Good agreement  is o b t a i n e d  between t h e  c a l c u l a t e d  and  
e x p e r i m e n t a l  r e s u l t s ,  i n d i c a t i n g  t h a t  t h e  method may be 
a p p l i e d  g e n e r a l l y  t o  t h e  l amina r  boundary l a y e r  a b o u t  any  
body p r o v i d e d  t h a t  a n  e x p e r i m e n t a l l y  d e t e r m i n e d  p r e s s u r e  
d i s t r i b u t i o n  i s  a v a i l a b l e .  I t  a p p e a r s  t h a t  for a l l  
Reyno lds  Wambers above  24,000 t h e  s e p a r a t i o n  p o i n t  f o r  t h e  
e l l i p t i c  c y l i n d e r  shou ld  occur  a t  a c o n s t a n t  d i s t a n c e  be- 
h i n d  t h e  p o i n t  o f  rninimum p r e s s u r e ,  p r o v i d e d  t h a t  t h e  
boundary l a y e r  d o e s  n o t  become t u r b u l e n t .  
INTRODUCT I O N  
From c o n s i d e r a t i o n  of the r e l a t i v e  o r d e r  o f  magni tude  
of  t h e  v a r i o u s  terms i n  t h e  fundamen ta l  d i f f e r e n t i a l  equa- 
t i o n s  o f  f l o w ,  P r a n d t l  h a s  shown t h a t  t h e  e f f e c t s  of  v i s -  
c o s i t y  a t  t h e  h i g 5  Regnolds  Numbers common t o  a e r o n a u t i c a l  
p rob lems  a r e  o f  a p p r e c i a b l e  i m p o r t a n c e  only i n  t h e  t h i n  
f l u i d  la3er n e x t  t o  t h e  s u r f a c e  o f  t h e  body,  t h u s  c o n s i d -  
e r a b l y  s i m p l i f y i n g  the  fundamental  e q u a t i o n s .  The a c t u a l  
s o l u t i o n  o f  t h e  boundary- layer  e q u a t i o n s  h a s  been a matter 
o f  c o n s i d e r a b l e  d i f f i c u l t y .  I t  was shown, however ,  tha t  
s e p a r a t i o n  of t h e  f l o w  f rom t h e  s u r f a c e  i$ t o  be e x p e c t e d  
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%?:e s i n , p l e s t .  c s s e ,  t’iirt of t k e  ‘bobndarg l a y e r  a1,ong a 
f l a t  p l a t e  w i t h  z e r o  yresey.2.re g r a d - i e n t  , h n s  been  s u c c e s s -  
f v . l l y  t r e a t e d .  by  F l a s i n s .  F o r  t h i s  c a s e  i10 s e p a r a t i o n  w a s  
t o  be expec ted .  The t r e a t m e n t  o f  t h e  f l o w  a t o a t  5 o d i e s  
:.;hen Fressv . re  g r a d - i e n t s  e x i s t  h a s  t h u s  f a r  n o t  been com- 
~ : l ~ t e l g  s i i c c e s s f u l .  . Ni.imerous methods have  h c e n  d e v i s e d  
bu.t e i t h e r  t h e  p r e d i c t i o n  of t h e  l o c a t i o n  o f  t h e  s e p a r a -  
t . ‘ ion 7;oint h a s  b e e n  of d o u b t f u l  a ,ccuracy  o r  t h e  methods 
h a v e  b e e n  a p p l i c a b l e  o n l y  t o  l i r l i - i t ed  t y p e s  of p r e s s u r e  
d. i s t. r i t u  t i o I; s . 
Zxper imen t s  o n  a n  e l l i p t i c  c y l i n d e r  have  been con.- 
d.ucted a . t  t h e  N a t i o n a l  Eureau  . .  o f  S t a n d a r d s  t.0 stu-dy t h e  
se’pascztion Fhenonsna ;tnd, in. p a r t i c u l a r ,  t.0 check  t h e  t h e -  
o r y  o f  Poh11:ause:r,. ( S e e  r e f e r e n c e  1.) Tile r e s n l t s ,  com- 
pared w i t h  P o h l h a v s c x l  s approxiriiz.te s o l u t i o n  o f  t h e  von  
ICar::k?n i i z t c g r a l  eql.J.ation, have  demons t  r a t e d  tha t  t h e  F o h l -  
r e s c l t s  wLeK t ’ n e . p r e s s u r e  i n  t h e  o u t s i ? e  ~ o t e n t i a l  f l o w  
w 2 . s  E e c r e a s i n g ;  F i t 3  i n c r e a s i n g  p r e s s x r e  s e ~ a r a t i o n  may 
act..ia!.ly o ‘:cur vken  P o h l n a u s e n l  s r:iet;iod.. fails t o  ind j .ca  t e  
ar2y f l o o :  s e p a r a t i o n .  
r ’ )  
y,.a” d a e s  < *  method c o u l d  o n l y  be depended  UFO.? t o  g i v e  r e l i . a b l e  
Ton K $ r d n  a s d  i I i1 l ika .n  have  r e c e n t l y  d e v t s e d  a t h e o -  
r y  o f  lamiliar boundary  l a y e r s  i n v o l v i r , g  s e p a r a t i o n  ( r e f e r -  
er,ce 2 )  t n a t  a p p e a r s  t o  have c e r t a i n  ad-vantages  o v e r  p r e -  
? i o u s  t h e o r i e s .  T h i s  s o l u t i o n  o f  t h e  l a n i n a r  boucdary-  
lager r:ro’olem c a n  be aTPliec? m o r e  g e n c r a l l y  t h a n  f o r a e r  
r: iethods; t l i e  e q u a t i o n  t h a t  i s  used. t o  d.etern1ine t h e  sepa-  
r a t i o n  poi .n t  i s  2. c l o s e  a p p r o x i m a t i o a  r e a r  t.he s u r f a c e  
vrk-ere t h e  s c p a r a t i o n  c o c d i t i o n  i s  a p p l i e d ,  t,hus p e r m i t t i n g  
a m o r e  e c c x r a t a  Let  erlii5.naCUion o f  t h e  s e p a r a t i o n  p o i n t .  
The n u r r o s e  of t h e  p r e s e n t  s t u d y  i s  t o  i n v e s t i g a t e  
t;c e x t e n t  t c  w,:ich t h e  t h e o r y  p r e s e q t e d  i n  r e f e r e n c e  2 
sin:: 3 e  e x y e c t e d  t o  ; i v e  r e l i a b l e  r e s n l t s .  T h i s  i n v 2 s t i g s -  
t i o n  wcs a c c o m p l i s h e d  b3- a i F l y i A i g  thr:  t h e o r x  t o  t h e  bonnd- 
n r y  l a y e r  a-uout t h e  e l l i F t i c  c y l i n d e r  fin which  t h e  Eureau  
o f  S t a n d a r d s  t e s t s  v e r e  r m L c ,  A c o a p n r i s o n  i s  made between 
the c z l c u l a t  e d ar,d e x p e r i t ? e c t a l  r c s v - l t  s ,  c . a g e c i n l l y  with 
r c f e r e n c e  t o  t h e  l o c a t i o n  o f  t n c  s s ~ i - i r ~ t i o n  p o i n t .  
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The t e s t s  ( r e f e r e r c e  1) c o n s i s t e d  of  p r e s s u r e - d i s t r i -  
b u t i o n  and boundary - l aye r  measurements on a n  e l l i p t i c  c y l -  
i n d e r .  The p r e s s u r e  d i s t r i b u t i o n  w a s  measured bg a manom- 
e t e r  c o n n e c t e d  t o  o r i f i c e s  i n  t h e  s u r f a c e  o f  t h e  c y l i n d e r .  
A L o t - w i r e  anemometer was used  t o  make t h e  boundary - l aye r  
s u r v e y s .  The e l l i p t i c  c y l i n d e r  on which the  t e s t s  were 
nade  had a m a j o r  a x i s  o f  11.78 i n c h e s  and  a minor  a x i s  of 
3.98 i n c h e s .  I t  w a s  p l a c e d  i n  t n e  a i r  s t ream w i t h  t h e  ma- 
j o r  a x i s  p a r a l l e l  t o  t h e  g e n e r a l  f l o n .  The t e s t s  were 
made a t  a Reynolds  Yurcber o f  a p p r o x i m a t e l y  24 ,000 ,  based  
on t h e  l e n g t h  o f .  t he  xiiinor a x i s .  
OUTLIBE OF T H E  VOX K ~ R X ~ i ? - l i I L L I E A N  PROCEDURE 
The s o l u t i o n  o f  t h e  bocndary- layer  problem p r e s e n t e d  
i n  r e f e r e n c e  2 i s  d i v i d e d  i n t o  t w o  p a r t s ,  a n  o u t e r  and  an 
i n n e r  s o l u t i o n .  The outer  s o l u t i o n  is o b t a i n e d  by t r a n s -  
f o r m i n g  t h e  bound-arg- layer  e q u a t i o n  i n t o  a f o r m  a n a l o g o u s  
t o  t h a t  f o r  t h e  c o n d u c t i o n  o f  h e a t ,  t h e  s o l u t i o n  o f  which 
i s  w e l l  knonn. T h i s  part of t h e  s o l u t i o n  i s  m o s t  a c c u r a t e  
i n  t h e  region v h e r e  t h e  boundary - l aye r  v e l o c i t i e s  a r e  nea r -  
l y  e q u a l  t G  t h o s e  i n  t h e  o u t s i a e  s t r e a m ,  i . e . ,  t h e  o u t e r  
p a r t  o f  t h e  koundary l a y e r .  For r e a s o n s  T e c u l i a r  t o  t he  
a n a l y s i s ,  i t  i s  conven ien t  t o  j o i n  t h e  t w o  s o l u t i o n s  a t  a n  
icf l e c t i o n  p o i n t  o f  t h e  boundary- lager  v e l o c i t y  p r o f i l e s .  
Thus t h e  r a n g e  o f  t h i s  s o l u t i o n  5 s  t a k e n  a s  t h e  r e g i o n  
f r o r n  t h e  o n t e r  p a r t  o f  t h e  boundary l a y e r  t o  t h e  i n f l e c -  
t i o n  p o i n t ,  o r  t o  t h e  w a l l  i f  no i n f l e c t i o n  p o i n t  e x i s t s .  
The i n n e r  s o l u t i o n  i s  o b t a i n e d  by t r a n s f o r m i n g  t 3 e  
b o u n d a r y - l a y e r  e q u a t i o n  by c e r t a i n  a p p r o x i m a t i o n s  i n t o  a n  
o r d i i i a r y  d i f f e r e n t i a l  e q u a t i o n ,  rrhich i s  m o s t  a c c u r a t e  
n e a r  t h e  w a l l .  The i n n e r  s o l u t i o n  i s  u s e d  o ~ l y  when t h e  
b o u n h r y - l a g e r  v e l o c i t y  p r o f i l e s  show an i n f l e c t i o n  p o i n t .  
I t s  r a n g e  i s  t h e n  o v e r  t h e  r e g i o n  f r o m  t h e  w a l l  t o  t h e  in- 
f l e c t i o n  p o i n t .  
The s t e p s  i n v o l v e $  i n  con;pu%ing t 3 e  c 3 a r a c t e r i s t i c s  
o f  t h e  l a m i n a r  boundary l a y e r  by t h i s  method f o l l o w .  
D e f i n i t i o n  -- o f  d i z e n s i o n l e s s  _. _-- _ - _- v a r i a b l e s . -  - I n  t h e  f o l -  
l o v i r g  c o m p u t a t i o n s  t‘;le v e i o c i t g  a t  an i n f i n i t e  d i s t a n c e  
f r o r n  t h e  c z ~ l i n d e r  Uo i s  c o n s i d e r e d  t o  be t h e  u n i t  of ve- 
l o c i t ; ~ .  The m i n o r  arris 1 of t h e  e l l i p s e  ! s  71sed a s  t h e  
u n i t  o €  l e n g t h .  These  u r i t s  o f  xe1or : i ty  and  l e n g t h  l e a d  
t o  t h e  f o r n a t i o n  o f  tlke f o i l o \ n i n g  d i m e n s i o n l e s s  q u a n t i t i e s :  
Reynolds  ;7umbsr ( V ,  !r.inematic v i s c o s i t y ) .  U O  1 = --v-' 
nondiz.Lensional v e l o c i t y  p o t c n t i a l .  w Y* fii, 
, nond imens iona l  v e l o c i t y  i n  t h e  boundzry L* = _-- '0. 
U O  l a z e r .  
, r ~ c n d i n e n s i o n a l  v e l o c i t y  j u s t  o u t s i d e  t h e  "* = --- U 
U O  boundary l a y e r .  
- -a  2 L. -:--E- 
2 z*, -- --_- 2 -- - --- , n o n d i n e n s i o n n l  " s n e r g y  d e f e c t "  i n  
G O  t h e  bounc?ary l a y e r .  
2 - 
CO 
I r ,  t i l e  follovrin;; co;?r ,xtat ior .s  - , t h e  a s t e r i s k s  a r e  
dro3ped- f o r  s i r n , l i c i t y ,  a.16 nondi inens iona l  q u a n t i t i e s  t h u s  
f c r a e d  a r e  p1v:iZys t o  3 e  nnfierszood.  
C-~-1~_~_ l -a - t  jor,-_of_-o-y:t-~r -:golut-fo_~,- I n  o r d e r  t o  c s l c x l a t e  
t h e  o-7tc-r s g l u t i o n ,  i t  i s  n e c e s s n r p  t o  knon t h e  v a r i a t i o n  
o f  t,-:c s q u a r e  o f  t h e  011-tsidc v e l o c i t y  U2 w i t h  t h e  v e l o c i -  
t.y p o t e n t i a l  g a l o n g  t h e  s u r f a c e .  R e f e r e n c e  1 g i v e ;  ex- 
p e r i - c e n t a l l y  de t e rmi l l ed  v a l u e s  o f  U as  a f u n c t i o n  of t h e  
n o n d i m e n ~ i o r ~ a . 1  d i s t a n c e  s aloxc t h e  s u r f a c e .  T h i s  rela- 
t i o n  i s  ? l o t t e d  i n  f i g u r e  1. The v e l o c i t y  ~ o t e n t i a l  
cr" = Uds i s  d c t c r a i r A e d  by a g r a p h i c a l  i p t c g r a t i o n  o f  
t h i s  cu rve .  Both U and C$ a r e  t h e n  kiiorrn a s  f i z n c t i o n s  
o f  t h e  dis tc i i ice  along t h e  su - r f ace .  The U 2 , W  c u r v e ,  
s11own i n  f i g i i r e  2 , i s  d e t e r m i n e d  3y  c h o o s i n g  c o r r e s p o n d i n g  
v a l u e s  of  U and W a t  s e v e r a l  p o i n t s  a l o i l g  t h e  s u r f a c e .  
s 
0 
The n c y t  s t e p  i n  t h e  c a l c u l a t i o n  i s  t L i c  e x p r e s s i o n  o f  
2 t i l e  U , V  c n r v e  !n t e r n s  o r  powcr s e r i c s .  The c e l c u l a -  
t i c n s  a r e  greatly s i s n n l i f i e d  if t h e  V2,T c u r v e  i s  e r b i -  
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t r a r i l y  d i v i d e d  i n t o  t w o  r e g i o n s  a n d  a s e p a r a t e  power se-  
r i e s  i s  u s e d  t o  approx ima te  t h e  c u r v e  i n  each  r e g i o n ;  that 
i s ,  f o r  
mhere 91 i s  t h e  a r b i t r a r i l y  chosen  v a l u e  o f  9 s e p a r a t i n g  
t h e  t w o  r e g i o n s .  I t  was found p o s s i b l e  i n  t h i s  i n v e s t i g a -  
t i o l r  t o  o b t a i n  a s a t i s f a c t o r y  a p p r o x i m a t i o n  t o  t h e  e x p e r i -  
men ta l  U',V c u r v e  by u s i n g  t e r m s  i n v o l v i n g  o n l y  lip t o  
t h e  second power o f  9 .  I t  a p p e a r s  t h a t  t h e  $,(p c u r v e  
sho-.ild be f i t t e d  w i t h  g r e a t e r  c a r e  i n  the ne ighborhood of  
t h e  s e p a r a t i o n  p o i n t  t h a n  e l sewhere .  The v a l u e  o f  Cp1 
chosen  w a s  0.4. The f o l l o w i n g  approx ima te  e x p r e s s i o n s  f o r  
t h e  U2,9 curve  were t h e n  o b t a i n e d :  
for cp I 0.4 U2 = 7.3809 - 8.8559' 
f o r  9 > = 0.4 VZ = 1.393 + 0.414rp - 0.148cP2 
T i l e  a p p r o x i m a t e  U 2 , V  curve ,  g i v e n  by t h e  f o r e g o i n g  ex- 
p r e s s i o n s ,  i s  also shown i n  f i g u r e  2. 
I t  i s  now p o s s i b l e  t o  compute t he  ene rgy  d e f e c t  z o ,  
a t  a n y  p o i n t  i n  t h e  boundary l a y e r  a s  a f u n c t i o n  o f  (3 a n d  
$. (The s u b s c r i p t  a d e n o t e s  t h e  o u t e r  s o l u t i o n . )  
y1 = b, - B, Y2 = b, - 82 
* * * * * 
F o r  CP 2 PI p u t  P a ,  ho , hi 9 h2 9 g1 , g2 
equ81 t o  zero. The f a c t o r s  h o ,  -1 h,, cl, a n d  
o n l y ,  and  thus do  n o t  depend on 
4/ T- 
g 2  are f u n c t i o n s  of 
t h e  ~ a r t i c n l a r  c a s e .  The s a n e  f i7nc t ions  a s  t h e  f o r e z o i n g  . .. * * * 
are ho , h, , ha , ? ,,/---q- --I;- <? 1 5ut f o r a e d  f o r  t h e  varz’ab le  
g1 * , and g z  * . Equation (1) c o r r e s p o n Z s  t o  e q u a t i o n  ( 1 9 )  
i n  r e f e r e n c e  2 .  The t e r m s  z r 5 s i r . g  from the u s e  o f  powers  
o f  cp g r e a t e r  t i ian 2 h;ve been  d e l e t e d .  
S L b s f j i t u t i n g  tk ie  values o f  t h e  known c o e f f i c i e 3 t s  i n  
t ~ e  c q r e s o i o n  f o r  zo ( e q u a t i o n  ( I ) ) ,  
* * *’I 
I Z o  -= < 1 . 3 9 c o  Bo + 2 . 7 8 6 4  g ,  + 1.323: g, i 
*>  * - 6.9656 G;,  
* f i; ( 7 , : i C O 9  hl - 6.9660 hl - 6.9556 y l
t 
2 1  * I  ( 2 )  f W < - ? . 8 5 5 C  3 2  5 8.7070 h z  
J 
C l l  - , -e  i‘iqnct i o r s  g o ,  m I E,, h o ,  h , ,  h2, ‘ a r e  c o q ~ t c d  
f r o , n  ?:?e c o l l o s i n f ;  I-C? at :.or?.;: 
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In t h e  s7 ibsequent  c a l c u l a t i o n s  t h e  p o w e r - s e r i e s  
F a n s i o n s  o f  t h e s e  f u n c t i o n s  a r e  r e q u i r e d .  
g o ( [ )  = 0.5000 - 0.5642t + 0.1d81Ea - 0.0564t5 
g , ( & )  = -0.5642t + t 2  - 0.5642E3 + 0.0940&5 
h 2 (  6 ) = 0.5000- 1.5045&+2 E 2 - l  . 5045t3+0. 6667 t * - O .  150 5E5 J g , ( t )  
= 0.1881k - 0.5642t3 + 0.6667f 
h,(t) = 0.5000 - 1.12846 + k 2  - 0.3761E3 + 0.0377e5 
1 ‘ 4  5 - 0.282lk 
e x- 
+ ( 3 )  
I t  i s  EOW p o s s i b l e  t o  c o s p u t e  t h e  z m y $  c u r v e s .  
T h i s  c o m p u t a t i o n  i s  performed by c h o o s i n g  t h e  v a l u e  o f  
c D r - e s p o c d i n g  t o  t h e  d e s i r e d  d i s t a n c e  a l o n g  t h e  s u r f a c e  
a n d  c a l c u l a t i n g  zw f o r  s e v e r a l  v a l u e s  o f  I) by e q u a t i o n  
( 2 ) .  The o u t e r  l i m i t  o f  t h e  boundary l a y e r  i s  c h o s e n  a s  
r h e r e  z o  = 2-. 
t ? ie  p o i n t  a t  which r e l a t i v e  e n e r g y  d e f i c i e n c y  - - -= 2 0.01 
l o c i t y .  2 
2 ZO 
The v e l o c i t y  i s  t h e n  0.995 t h e  o u t s i d e  ve 
F’rozl tiie zU,’$ c u r v e s  and t i re  r e l a t i o n s  
t h c  v e l o c i t y  p r o f i l e s  i n  t h e  boundary l a y e r  a r e  o b t a i n e e .  
3 e c a n s e  t h e  i n t e g r a c d  i n  the  e x p r e s s i o n  f o r  y J x  becomes 
i n f i n r t e  a s  tire l o r e r  limit o f  i n t e g r a t i o n  i s  a p p r o a c h e d ,  
i s  i s  n e c e s s z r y  t o  e v a l u a t e  t h e  i n t e g r a l  by a combina t ion  
o f  g r a p l i i c  and  a n a l y t i c  methods ( r e f e r e n c e  2, p.  10). For  
v z l u e s  o f  z n e a r  z o y  t h a t  i s .  f o r  s m a l l  v a l u e s  o f  q ,  
z i s  expanded i n  a power s e r i e s  i n  $, u s i c g  e q u a t i o n s  
( 2 )  and  ( L ? ) ,  ar,d i n t e g r a t e d  z n a l y t i c a l l g  f rom \tr = O t o  
sone ; m a l l  v a l u e  o f  9 ,  say  = (3.05. From t h a t  p o i n t ,  
t h e  i n t e g r a t i o n  3a:~ be  F e r f  oriaed g r a ~ i i c e l l y  by :xeens o f  a 
p l - a n i m e t e r  o r  C o r r d i  i c t e g r n y h .  
Iii c a s e s  wLore t i l e  u,;: ( o r  z,$) c u r v e s  have  no 
i n f l e c t i o f i  ~ o i c t  , t b i s  p r o c e d u r e  c o m p l e t e s  t h e  s o l u t i o n  
f o r  ths F a r t i c u l n r  x-al-.ie of cp chosen .  When t h e  u , y  
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c u r v e s  have a n  i n f l e c t i o n  p o i n t ,  i t  i s  a e c e s s a r y  t o  d e t e r -  
mine  c e r t a i n  q u a n t i t i e s  f r o m  t h e  o u t e r  s o l u t i o n  a t  t h e  in -  
f l e c t i o n  p o i n t  t o  a i d  i n  f i x i n g  t h e  boundary c o n d i t i o n s  
f o r  t h e  i n n e r  s o l u t i o n .  
The power s e r i e s  i n  $ f o r  Q i s  a g a i n  u s e d  t o  de- 
t e r m i n e  t h e  p o s i t i o n  of  t h e  i n f l e c t i o n  p o i n t .  S i n c e  t h e  
i n f l e c t i o n  p o i n t ,  i n  g e n e r a l ,  o c c u r s  a t  s m a l l  v a l u e s  o f  
$, powers of $ h i g h e r  t h a n  q3 may be n e g l e c t e d .  The 
p o s i t i o n  o f  t h e  i n f l e c t i o n  p o i n t  i s  found by e q u a t i n g  
and s o l v i n g  f o r  $. This  v a l u e  of  i s  d e n o t e d  a" ~$5 0 ,  
by $uj where t h e  s u b s c r i p t  j d e s i g n a t e s  a j o i n i n g - p o i n t  
c h a r z c t e r i s t i c .  The v a l u e s  o f  
founc? ky  s u b s t i t u t i n g  qu i n  t h e  p o w e r - s e r i e s  e x p a n s i o n s  
f o r  t h e s e  q u a n t i t i e s .  T h i s  p r o c e d u r e  cofi lpletes  t h e  o u t e r  
s o l u t  i o n  when t h e  b o u n d a r y - l a y e r  v e l o c i t y  p r o f i l e s  have  a n  
i n f l c c t i o r ,  F o i n t .  
and  z j  a r e  ther ,  (%la j 
---- I n n e r  s o l u t i o n . -  The i c n e r  s o l u t i o n  i s  g i v e n  ( r e f e r -  
ence  2 ,  e q u a t i o n  ( 2 9 ) )  i n  t h e  form 
+ -1 s i n  1 7TTF 
a z o  
3@- where z o l  = 
-1 
s i n  
1 -  61 
The s u b s c r i p t  i d e n o t e s  t h e  i n n e r  s o l u t i o n ;  B i s  a con- 
s t a n t  o f  i n t e g r a t i o n  p r o p o r t i o n a l  t o  
z o '  , a n d  Cp a r e  c?er ived  d i r e c t l y  f r o m  t h e  o u t s i d e  p r e s s u r e  
d i s t r i b u t i o n ,  which  h a s  been e x p e r i m e n t a l l y  d e t e r m i n e d .  
The v a l u e  o f  
equal t o  z o  - z 
($6)" ; and  z o ,  
y= 0 \ a Y  
i s  t a k e n  f r o m  t h e  o u t e r  s o l u t i o n  a n d  i s  5 
d 
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o t h e r  boundary c o n d i t i o n  i s  t h a t  ' r l L  (a6 ) 4  \ a t  ) +  
0 J 
z o n d i t i o n  g i v e s  t h e  e q u a t i o n  
I r i  
f o r  d e t e r m i n i n g  B ,  t h e  l e f t - h a n d  s i d e  o f  which i s  known 
f r o m  t h e  o u t e r  s o l u t i o n .  The v a l u e  o f  B t h u s  found i s  
s u k s t i t - i t e d  i n  (4) an  ti i s  t h e n  computed f o r  s e v e r a l  
v a l x e s  of  t h e  r a t i o  k between 0 and  1. 
9 
I t  w i l l  be f o u n d ,  i n  g e n e r a l ,  t h a t  i s  no t  e q u a l  
t o  EUj. I n  o r d e r  t o  make t h e  f i E a l  s o l u t i o r i  c o n t i n u o u s ,  
t h e  v a l u e s  o f  tu a r e  s h i f t e d  by a n  arnoun3 f = Ei j  - E u j ,  
t h a t  .is., f o r  t h e  o u t e r  s o l u t i o n  6 = + E .  
WiLth t h i s  i n f o r m a t i o n ,  t h e  [,I# c u r v e  can be drawn 
c o n t i n n o u s l y  f o r  b o t h  s o l u t i o n s .  As b e f o r e ,  t h e  u,y 
p r o f i l e  i s  de t e rmined  f r o m  t h i s  c u r v e  by t h e  f o l l o w i n g  re -  
l a t i o n s  
J 2 0  
Fast t k e  j o i r i i n g  r o i n t ,  t h e  i . n t e g r a t i o 2  i s  m o s t  e a s i l y  
c a r r i e d  ou t  C r a y k i c a l l y .  
S i n c e  B i s  p r o p o r t i o n a l  t o  (ST , t h e  c o n d i t i o n  
'3 y=Q 
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f o r  s e p a r a t i o n  i s  t h a t  B s h a l l  e q u a l  z e r o .  The p o s i t i o n  
a l o n g  the  s u r f a c e  f o r  which t h i s  r e l a t i o n  h o l d s  i s  d e t e r -  
minsd by t r i a l  and  e r r o r .  
RE SUI, T S AND DISCUSSION 
A compar ison  of  t h e  c a l c u l a t e d  v e l o c i t y  p r o f i l e s  and  
e x p e r i m e n t a l  r e s u l t s  a t  s e v e r a l  p o i n t s  a l o n g  t h e  s u r f a c e  
of t h e  e l l i p t i c  c y l i n d e r  i s  g i v e n  i n  f i g u r e s  5 ,  6 ,  and  7 .  
The c a l c u l a t e d  P o h l h a u s e n  c u r v e s ,  ivhich have  been d i s c u s s e d  
i n  r e f e r e n c e  1,  a r e  shown f o r  c o n v e n i e n t  compar i son .  The 
ag reeKen t  becomes b e t t e r  f o r w a r d  of t h e  s e p a r a t i o n  p o i n t .  
Close t o  t h e  s e p a r a t i o n  p o i n t  t h e  c a l c u l a t i o n s  show, i n  
g e n e r a l ,  t o o  lo* v e l o c i t i e s  a t  c o r r e s p o n d i n g  d i s t a n c e s  
f rom t h e  s u r f a c e ,  but t h e  s h a p e  of t h e  c a l c u l a t e d  s e p a r a t i o n  
p o i n t  p r o f i l e  i s  i n  good agreement  w i t h  t h e  o b s e r v e d  v e l o c -  
i t y  d i s t r i b u t i o n  a t  t h e  e x p e r i n e n t a l l y  d e t e r m i n e d  s e p a r a -  
t i o n  p o i n t .  
The p o s i t i c n s  o f  t h e  ca lcu l .a tec1  a n d  e x p e r i m e n t a l  s epa -  
r a t i o n  p o i n t s  a r e  i n d i c a t e d  on t h e  p r e s s u r e - d i s t r i b u t i o n  
d i ag rams  shown i n  f i g u r e  8. The c a l c u l a t o d  s e p a r a t i o n  
p o i n t  was found t o  o c c u r  a t  a ' d i s t a n c e  along t i l e  s u r f a c e  
s = 1 . 9 2 .  A c t u a l  s e p a r a t i o n  w a s  o b s e r v e d  n t  s = 1 .99 .  I n  
v iew o f  t h e  many a p p r o x i m a t i o n s  and  a r b i t r a r y  p r o c e d u r e s  
i n v o l v e d  i n  t h e  a n a l y s i s ,  t h i s  agreement  i s  c o n s i d e r e d  v e r y  
g o o d .  
I t  i s  t o  be n o t e d  t h a t  t n e  c u r v e s  g i v e n  i n  f i g u r e s  5 ,  
6 ,  and  7 a r e  i n d e p e n d e n t  o f  t h e  Reyno1d.s  ITwnbeT, e x c c p t  
i n s o f a r  as Reyaolds  Xiimber a f f e c t s  t h e  p r e s s u r e  d i s t r i b u -  
t i o n .  I t  i s ,  of  c o u r s e ,  assumed t h a t  t h e  boundary  l a y e r  
d o e s  no t  become t u r b u l e n t .  An example  of t h e  e f f e c t  o f  a 
chaxge  i n  t h e  p r e s s u r e  d i s t r i b u t i o n  o c  t h o  p o s i t i o n  o f  t h e  
s e p a r a t i o n  p o i n t  i s  g i v e n  i n  f i g u r e  8 ,  where t h e  c a l c u l a t -  
ed s e p a r a t i o n  p o i n t  i s  showxi f o r  t h e  p e r f e c t - f l u i d  p r e s s u r e  
d i s t r i b u t i o n  a b o u t  t ,he  c y l i n d e r .  I n  t h . i s  c a s e  t h e  p o s i t i o n  
o f  t h e  s e p a r a t i o n  p o i n t  i s , a t  s = 2 .38 ,  c o n s i d e r a b l y  a f t  
t h e  p o s i t i o n  found w i t h  t h e  e x 2 e r i m e n t a l  p r e s s u r e  d i s t r i -  
b u t i o n .  F i g u r e  8 s h o w s  t h a t ,  f o r  b o t h  F r e s s u r e  d i s t r i b u -  
t i o n s ,  t 3e .  s e p a r a t i o n  p o i n t  o c c u r s  a t  a p p r o x i m a t e l y  t h e  
same d i s t a n c e ,  s = 0 . 7 ,  a f t  t h e  p o i n t  o f  minimi1.m p r e s -  
s u r e .  S i n c e  i t  i s  t o  be e x p e c t e d  t h a t  t h e  p r e s s v - r e  d t s t r i -  
b u t i o n s  f o r  h i g h e r  Reynolds  NumSers w i l l  be between t h e  ex- 
pe r i r i i en t a l  c u r v e  shoan  and  t h e  p e r f e c t  f l u i d r p r e s s u r e  d i s -  
t r i b u t i o n ,  t h i s  r e s u l t  i n d i c a t e s  t h a t  f o r  a l l  Reyno lds  Mum- 
. 
I 
I '  
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b e r s  above 24 ,000  t h e  s e p a r a t i o n  p o i n t  f o r  t h e  e l l i p t i c  
c y l i n d e r  w i l l  o c c u r  a t  a d i s t a n c e  s = 0.7,  a f t  t he  p o i n t  
o f  ninim7Jm p r e s s u r e  p r o v i d e d ,  o f  c o u r s e ,  t h a t  t h e  boundary 
l a y e r  does  not  become t u r b u l e n t  . 
a g e n e r a l  view o f  t h e  f l o w  a b o u t  t h e  e l l i p t i c  c y l i n -  
d e r  i n  t h e  N.A.C.A. smoke t u n n e l  i s  shown i n  f i g u r e  9. 
The e f f e c t  o f  s e p a r a t i o n  on t h e  e n t i r e  f l o w  c o n f i g u r a t i o n  
s h o u l d  be no ted .  
CONCLUS IONS 
The computed a i i d  expe r imen ta l  c h a r a c t e r i s t i c s  of t h e  
l a m i n a r  bocndary l a y e r  about t h e  e l l i p t i c  c y l i n d e r  a r e  i n  
g o o d  agrcerrient. This  agreement i n d l c a t e s  t h a t  t h e  method 
may be g e n e r a l l y  a p g l i e d  t o  t h e  l a m i n a r  boundary l a y e r  
abou t  any  t y p e  o f  body prov ided  t h a t  an  e x p e r i m e c t a l l y  de- 
t e r m i n e d  p r e s s a r e  d i s t r i b u t i o n  i s  a v a i l a b l e .  I t  a p p e a r s  
t h a t  f o r  n l l  Reynolds l\ 'unbers above 24,000 t h e  s e p a r a t i o n  
p o i n t  f o r  t h e  e l l i p t i c  c y l i n d e r  sboTild o c c u r  a t  a c o n s t a n t  
d i s t a n c e  behind  t h e  poiizt  of  m i r - i m l m  p r e s s u r e ,  p r o v i d e d  
tha t  t h e  boundary l a y e r  does not  become t u r b u l e n t .  
Lang ley  Memorial A e r o n a u t i c a l  L a b o r a t o r y ,  
ITat iooal  Adv i so ry  Committce f o r  A e r o n a u t i c s ,  
Langley  F i e l d ,  Va., Octobe r  10,' 1935. 
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Figure 7.- Boundary-layer v e l o c i t y  distribution near s e p a r a t i o n  
p o i n t .  
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